We present the third-order contributions to the quark-gluon and gluon-quark timelike splitting functions for the evolution of fragmentation functions in perturbative QCD. These quantities have been derived by studying physical evolution kernels for photon-and Higgs-exchange structure functions in deep-inelastic scattering and their counterparts in semi-inclusive annihilation, together with constraints from the momentum sum rule and the supersymmetric limit. For this purpose we have also calculated the second-order coefficient functions for one-hadron inclusive Higgs decay in the heavy-top limit. A numerically tolerable uncertainty remains for the quark-gluon splitting function, which does not affect the endpoint logarithms for small and large momentum fractions. We briefly discuss these limits and illustrate the numerical impact of the third-order corrections. Compact and accurate parametrizations are provided for all third-order timelike splitting functions.
In this article we address the scale dependence (evolution) of the parton fragmentation distributions (functions) D h f (x, Q 2 ), see Ref. [1] for an introductory overview, at the next-to-next-to-leading order (NNLO) in massless perturbative QCD. Here x represents the fractional momentum of the final-state parton f transferred to the outgoing hadron h; and Q 2 is a (timelike) hard scale, for instance the squared momentum of the virtual photon or Z-boson in semi-inclusive electron-positron annihilation (SIA), e + e − → γ , Z → h + X , where X stands for all accessible hadronic states.
The evolution of the fragmentation distributions is given by
where the summation over b = q i ,q i , g for i = 1, . . . , n f is understood, and n f denotes the number of effectively massless quark flavours. Unlike the functions D h f (x, Q 2 ), the 'timelike' splitting functions P T ba can be expanded in powers of the strong coupling α s , 
We normalize the expansion parameter as a s = α s /(4π) and use, without loss of information, the standard MS scheme with the choice µ 2 r = µ 2 f = Q 2 for the renormalization and fragmentation (final-state mass factorization) scale. The system (1) of (2n f +1)×(2n f +1) coupled equations can be decomposed into 2n f +1 scalar flavour non-singlet equations and the 2×2 flavour-singlet system
Here ⊗ abbreviates the convolution in Eq.
(1), and we have suppressed all functional dependences.
The leading-order (LO) splitting functions P (0)T (x) [2] are identical to their 'spacelike' counterparts [3] for the evolution of the initial-state parton distributions (where the matrix in Eq. (3) is transposed), a fact often referred to as the Gribov-Lipatov relation [4] . The next-to-leading order contributions P (1) T were derived by several groups about thirty years ago [5] [6] [7] [8] [9] . Unlike the spacelike case [10, 11] , where the calculations can be performed via forward scattering amplitudes, the NNLO corrections P (2) T have eluded a direct calculation in terms of Feynman diagrams so far.
The (three) non-singlet quantities P (2) T ns and the diagonal entries in Eq. (3) have been determined by two of us a couple of years ago [12, 13] via analytic continuations (see below) of the unfactorized partonic structure functions from the spacelike (deep-inelastic scattering, DIS) to the timelike SIA case, supplemented by complementary considerations based on Ref. [14] . Only the second Mellin moments of P (2)T gq (x) and P (2)T qg (x) are fully known at this point [13] , since these quantities are fixed by the momentum sum rule and the diagonal entries.
Beyond the leading order, there is no direct relation between the spacelike splitting functions, or their x → 1/x analytic continuations (AC), and their timelike counterparts in the MS scheme. However such a relation exists for spacelike and timelike physical evolution kernels K(x, α s ) for photon-exchange DIS and SIA structure functions at NLO [15] , see also Ref. [16] . Defining the expansion coefficients K (n) as in Eq. (2) , it can schematically be written as
In order to access all four splitting functions, we study the physical evolution kernels for the system F 1 and F φ of flavour-singlet DIS structure function. The former quantity is chosen, instead of F 2 in Ref. [17] , since it directly corresponds to the transverse fragmentation function F T in SIA. The NNLO coefficient functions for these observables are known from Refs. [18, 19] , see also Refs. [20, 21] . F φ is the structure function for DIS by the exchange of a scalar φ coupling directly only to gluons via a term φ G µν G µν in the Lagrangian (such as the Higgs boson in the limit of a five massless flavours and a very heavy top quark), where G µν denotes the gluon field strength tensor. The NNLO coefficient functions for the structure function F φ have been calculated in Refs. [17, 22] , while those for the corresponding fragmentation function F T φ are presented in Appendix A. The spacelike physical kernels have been discussed, for the system (F 2 , F φ ), in detail in Ref. [17] . The timelike case is completely analogous up to a transposition of the matrices:
with
where c
We have skipped the superscript 'T' where it is not needed for uniqueness in the present context. It should be noted that the normalization of c
T,g in Eq. (6) differs by a factor of 1/2 from that in Refs. [19, 21] . Finally β in Eq. (5) is the standard beta function of QCD, β = −β 0 a 2 s + . . . with β 0 = 11/3C A − 2/3 n f and C A = N colours = 3. For the off-diagonal entries the analytic continuation involves, besides x → 1/x and the multiplication by a factor x due to the phase space of the detected parton in the SIA case [19] , a sign factor and a ratio of colour factors, leading to (with C F = 4/3 in QCD)
The critical part of the analytic continuation is that of powers of ln (1−x), which is given by
For κ = 1 the real part is taken in the end. It is not clear at all that beyond NLO Eq. (8) is applicable, in either form, to quantities such as physical evolution kernels instead of to (classes of) Feynman diagrams, see the discussions in Refs. [5, 8, 16] .
The NLO physical kernels for (F 1 , F φ ) and (F T , F T φ ) fulfil Eq. (4) for both κ = 0 and κ = 1 in Eq. (8) . However, for the NNLO diagonal entries we find (restricting ourselves to x < 1)
and a completely analogous relation with P (0)
φφ on the right-hand-side for K (2) φφ and K (2)T φφ . Using κ = 1 instead leads, besides ζ 2 β 0 terms with P (0)(x) and P (0)(x) ln x, to the same spurious ζ 2 C 3 F contribution as found in the analytic continuation in Ref. [12] .
There is no obvious reason why an NNLO imperfection of the AC relation should lead to an offset proportional to β 0 and the lowest-order kernel, and why exactly the same relation should hold for two different kernels. Hence it seems very likely that a non-vanishing r.h.s. of Eq. (9) is genuine and analogous to the 'Crewther discrepancy' between the Gross-Llewellyn Smith sum rule in DIS and the Adler function in e + e − annihilation observed and discussed in Ref. [23] , see also the all-order proof and the recent explicit fourth-order calculation in Refs. [24] .
Therefore, if one tried to fix the so far unknown ζ 2 terms of the off-diagonal splitting functions by imposing Eq. (4) for K (2) 1φ , K (2) φ1 and their timelike counterparts, one should find an offset proportional to β 0 in the known second moments which is then compensated by right-hand-sides analogous to that of Eq. (9) . Carrying out these calculations indeed leads to
For the required generalization of these relations to all values of N, we consider also the κ = 1 continuation which, while again leading to spurious non-β 0 terms, appears to provide the right correction terms for Eq. (10),
as well as the β 2 0 part of Eq. (11) . We assume that also the first two terms on the r.h.s. of Eq. (11) correspond a to combination of P qg ln x. (Poly-)logarithms with higher weight cannot occur since this is an n f contribution and thus restricted to an overall weight of three. Imposing also other constraints discussed below we arrive at
Also the remaining uncertainty of the coefficients of ln x in this relation will be addressed below.
We are now ready to present the (only marginally provisional) results for the NNLO timelike splitting functions. For completeness we first recall the corresponding LO and NLO results:
and
H m 1 are the harmonic polylogarithms (HPLs) as defined in Ref. [25] with H 0,1,0,1 (x) ≡ H 2,2 etc. Our new third-order contributions to Eq. (2) are given by 
and 
Unlike their spacelike counterparts, the off-diagonal timelike splitting functions show a doublelogarithmic enhancement of higher-order terms not only for x → 1, but also for x → 0 [26] with (21) and xP
Here and below we use the abbreviations
The large-x and small-x limits of the new result (18) and (19) are given by 
The leading logarithms in all four large-x limits above are identical to those of the corresponding spacelike splitting functions, in agreement with the all-order prediction in Ref. [27] . As in the spacelike case [11] , all double-logarithmic contributions to these equations vanish for C A = C F . Only one coefficient, that of ln 1 (1−x) in Eq. (24), does not vanish in the supersymmetric limit C A = C F = n f . Also this feature is analogous to the spacelike case discussed in Ref. [11] . Eq. (25) is in complete agreement with the corresponding result of Ref. [28] , see also Ref. [29] . This would not be the case if a term with ln (1−x) were present on the right-hand-side of Eq. (12).
The coefficients of the leading small-x logarithms of P T qg and P T gq at NLO and NNLO are larger and smaller, respectively, by a factor C A /C F than those of P Tand P T gg in Eqs. (13) - (15) of Ref. [13] . For P T gq and P T gg this relation and the corresponding coefficients have been derived to all orders in Refs. [26] . Unlike at NLO, P Tand P T qg are suppressed by only one power of ln (1−x) relative to P T gq and P T gg at NNLO, and presumably some or all higher orders. We now turn to the additional constraints mentioned above Eq. (13). These are provided by the well-known supersymmetric relations for the choice C A = C F = n f of the colour factors leading to a N = 1 supersymmetric theory. On the one hand, we can investigate the combinations
which vanish at LO, while at NLO and x < 1 these quantities are given by
in the MS scheme [6] , see also Ref. [30] . Obviously ∆
S and ∆
T are much simpler than the individual NLO splitting functions. A further simplification is obtained by adding these two quantities,
where p qg (x) has been defined in Eq. (16) . Using the results of Refs. [10] [11] [12] [13] and Eqs. (18) and (19) the corresponding NNLO quantities are found to be (also at x < 1)
where we have suppressed all contributions which are regular for x → 0 and x → 1 for brevity, and
T (x) = − 24 ζ 2 p qg (x) + non-ζ 2 terms .
The latter means the absence of ζ 2 in the expansion about x = 1 to all orders in (1−x), cf. Ref. [31] .
The absence of ζ 2 x −1 ln x also in the second line of Eq. (32) provides a check of the coefficient of ln x, and hence (due to the second-moment constraint (10)) of the whole C A coefficient in Eq. (12) . An additional ln x term in Eq. (13), except with a prefactor C A −C F , would spoil the symmetry between the two lines of Eq. (32) and hence also Eq. (33) . Obviously non-(C F −C A ) terms not proportional to p gq (x) on the r.h.s. of Eq. (13) would also conflict with the latter relation.
A second aspect concerns the analytic structure of the physical evolution kernels, in particular the differences between the analytic continuations (x → 1/x) of the spacelike and timelike ones. From Eq. (4) we define the matrix ∆K (n) as
with the restriction x < 1 and entries according to Eqs. (7), (9), (12) and (13) . It is interesting to investigate whether Eq. (34) directly respects Gribov-Lipatov reciprocity. In Mellin space, this feature implies that the corresponding expressions are functions only of the product N(N + 1) of the Mellin variable N, i.e., parity preserving, a fact already exploited in the large-x (large-N) limit of Ref. [28] . The eigenvalues λ i , i = 1, 2 of ∆K (n) are determined from the characteristic equation
and, following [29] , it is sufficient to study the conditions which Gribov-Lipatov reciprocity imposes on the trace and determinant of ∆K (n) in Eq. (34), i.e.,
In QCD, Eq. (36) is fulfilled to NNLO due to Eq. (9), while Eq. (37) is not. However, in the supersymmetric limit, C A = C F = n f , also Eq. (37) holds to NNLO as a result of non-trivial relations between the coefficients in Eqs. (12) and (13) . Eq. (37) provides thus a further constraint on P In summary, these considerations are still not sufficient to definitely fix the right-hand-side of Eq. (13) . As an estimate of the remaining uncertainty we suggest to use the offset
The functions (18) and (19), the former including the error band due to Eq. (38) , are shown and compared to their spacelike counterparts in Fig. 1 ; and the LO, NLO and NNLO approximations to Eq. (2) are illustrated in Fig. 2 at the typical scale Q 2 ≃ M 2 Z . As in the diagonal cases [13] , the higher-order corrections are much larger at small values of x than in the spacelike case. The small-x behaviour of P (2)T qg and P (2) T gq is similar to that of P For the use of the NNLO splitting functions in numerical analyses we have prepared, analogous to Refs. [10, 11] , compact and accurate parametrizations not only of the present results, but also of the non-singlet and diagonal quantities derived in Refs. [12, 13] . These parametrizations can be found in Appendix B. Corresponding FORTRAN files, and FORM files of our main results, can be obtained by downloading the source of this paper from the arXiv servers or from the authors upon request. This includes the rather lengthy (even or odd) integer-N Mellin-space expressions in terms of harmonic sums [33] which we have not presented here for brevity. The resulting perturbative expansion of the timelike quark-gluon and gluon-quark splitting functions, again multiplied by x, at a typical value of the strong coupling constant.
To summarize, we have performed an indirect determination of the hitherto unknown offdiagonal NNLO timelike splitting functions (18) and (19) for the evolution of parton-to-hadron fragmentation functions D h f (x, Q 2 ). We expect the remaining uncertainty of the former quantity, estimated in Eq. (38) and illustrated in Figs. 1 and 2 , to be phenomenologically acceptable. Hence, combining these results with those of Refs. [12, 13, 19] , NNLO analyses are now possible of data on the transverse fragmentation function (but not yet its longitudinal counterpart, where also the third-order coefficient functions are required) in semi-inclusive electron-positron annihilation.
The remaining uncertainty of P (2)T qg does not affect the logarithmically enhanced large-x and small-x contributions. We expect that these results can be useful to improve the corresponding resummations. In fact, an extension of the generalized large-x resummation of Ref. [32] to the present timelike case will be presented in a forthcoming publication.
Further research is required to completely fix P (2)T qg and to check our result for P (2)T gq . A direct calculation of the leading-n f contribution to the former quantity should be possible, but would not address the critical contributions, while a full x-dependent diagram calculation beyond these terms appears to remain formidable task. A computation of the N = 4 and N = 6 moments of the n 2 f and n f parts, respectively, of Eqs. (18) and (19) presumably would be sufficient and may be feasible, e.g., generalizing the approach used in Ref. [21] , in the foreseeable future.
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Appendix A
The first-and second-order coefficient functions for SIA via an intermediate scalar in Eq. (6) read
has to be read as a +-distribution if f (x) does not vanish at x = 1, and 
As already discussed in Ref. [13] , the second moment of c (2) φ,g + c (2) φ,q directly enters the NNLO Higgs decay rate to hadrons in the heavy-top limit, and agrees with the result of Ref. [34] , see also Ref. [35] . We expect that these coefficient functions will be useful also for other theoretical studies. They can be employed, for instance, to extend the large-x results of Ref. [28] to P (2)T qg .
Appendix B
Since the exact expressions of the NNLO splitting functions are rather lengthy and complex, it is useful to have at one's disposal compact but accurate approximate representations which also can be transformed readily to Mellin space at all (complex) values of N. In this final appendix we therefore provide parametrizations of all NNLO timelike splitting functions in QCD which are built up, besides powers of x, only from the +-distribution and the end-point logarithms
The non-singlet splitting functions P (2)T ± ns [12] can be represented by 
The n 2 f parts of P (2)T ± ns (which are identical and equal to their spacelike counterparts in Ref. [10] ), the +-distribution contributions (up to a numerical truncation of the coefficients involving ζ i ), and the rational coefficients of the (sub-)leading regular end-point terms are exact in Eqs. (B.1) and (B.2). The remaining coefficients have been determined by fits to the exact results at 10 −6 ≤ x ≤ 1−10 −6 , and finally the coefficients of δ(1−x) have been adjusted very slightly using the lowest integer moments. The difference between the NNLO 'valence' and 'minus' splitting functions is equal to that in the spacelike case; a parametrization can be found in Eq. (4.24) of Ref. [10] ).
Corresponding representations of the pure-singlet and gluon-gluon splitting functions [13] are The new NNLO off-diagonal quantities (18) and (19) can finally be parametrized as 
where the n 3 f part is exact, and Except for values of x very close to zeros of the splitting functions, the parametrizations. (B.1) -(B.6) deviate from the exact expressions by less than one part in a thousand, which should be amply sufficient for foreseeable numerical applications. Also the complex-N moments of the splitting functions can be readily obtained to a perfectly sufficient accuracy using the above representations. The Mellin transform of Eqs. (B.1) -(B.6) involve only simple harmonic sums (see, e.g, the appendix of Ref. [38] ) of which the analytic continuations in terms of logarithmic derivatives of Euler's Γ-function are well known.
